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Abstract

¥t 3s.shown that if the Brans-Dicke equations have the solution 4, gi; generaled by the
irape-free sourcs Ty, (T £} then there exists an ‘adjoint solution” ¢74 #gy; of these
equations generated nyﬁvé soanee 77 7o, An example is considered.

1. Introduction

The ficld eguations of the scelav-tensor ‘theorv of mﬂaﬁ;w due to
Brans & chka {1961} 3re

Gu Brg™ Tx; +wp Py oy V%&u PN+ ‘f”l(‘;ﬁ;u —g,0¢) (L1}
27 ¢ — 929 d* =R ) . {12}

the speed of light having been taken to have the value unity. (1.2) may be
replaced by the Egdauuﬁ

G +20) 016 =8aT R )

Now, although conformal transformations of the metric tensor g,, have
occasionally been considered before, for instance by Dicke (1962) and
Bergmann (1968), the following result has not, as far as T am aware, been
stated previously:

if (Ty1]9,54,) is a solution of the Brans-Dicke equatmrs with trace-free
source Ty, (T =0) then the equations are also satisfied by (¢~ Tyl¢™%,

¢ g‘j)‘

In particular, the adjoint solution may evidently be formed when one
has an electromagnetic source,

The derivation of the general result is given in Section 2, whilst in
Section 3 the static spherically symmemc solution” of Brans (1962} i
examined in the present context.
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2. Proof of the Resull

Simce T vanishes by bypothesis,
DO¢=0 (v R}!
granted fhat 2@ + 3+ 0. Then (1.1} may be replaced by the simpler equation
BTy =Ry~ 0™ Py — By 22
MNow fet '
=gy, =0t 2.3

Further, any quantity relating to the Riemann space ¥, whose metric
tensor is §,; is distinguished by a bar, and covariant derivatives in this P,
are denoted by indices following a colon. Theun, if s is any scalar field

%
=8y ~TI%, Sk

oo gy ém'l(":t ¢;J + 5. ¢:t - gus“ ¢.t) {2‘4}
In particuler, taking s= ¢, ' _
. Suay=—¢" 2y Kb - g ) (2.5)
Heoce _
D§=¢7g"8.=~¢~06=0 1)

in view of (2.1). With this result at hand, ﬁ*ﬁ source belonging to the fields
, é &, Is given by
371&5‘“‘ - 5}243 - 50‘5‘1 5;; ‘?6:3 - 5;:; @an

The Ricei tensor of the P is (Eisenhart, 1949) .
Ry=Ry;+2¢7¢,;— 407 ¢, ¢, + 5,07 ¢ % (2.8)

once again bearing {2.1) in mind, If one now inserts (2.5) and (2.8) in (2.7)
ane just recovers I, (as given by (2.2)) to within a factor ¢~%:

Ty=9¢7T 2.9)
and the desired result has thus been attaiped_.

3. The Static Spherically Symmetric Vacuion Solwdon as Example
. ¢4 3 S ¢

rans {1962) has given the exact static spherically symmetric vacuum
solution {T; = 0} of equations {1.1, 1.2) ia isotropic coordinates:
ds? = —<e*dr? + r¥(df? + sin? 0,d¢ D} + e di?
withi A A . ) )
e). . e).ed + B/r}uz(cn)m (1 — Bf}r:-!é—“{Ci-‘z)!d
e = en(1 + Blr)HA(L ~ B4

b= é()(} + B/r)"CiA (1 ~ E/r)CM . {31}
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B, T, 4, 9, ¥y are coustanis of integration, and
A4 30+ 4] 2.5

(it suffices to consider only the first of the four “branches’ given by Brans.)
Althoneh the situation here it 2 vevy cnacial one, hoth on accsunt of 14\::.

P24 4 F Apreetezecsy ERE e

many symmeiries present and because 7; actually vanishes, it is stili worth
contemplating it in the context of the present investigation. Of course,
since (3.1} is a ‘general’ solution the adjoint solution must be already
contained In i, At any rate, :
5i==‘—€j€‘(.¥_ e gfgr)zarzm {1 — B/y)z—llzl
& che(i +B/T ~—24C 384 :" - Brr)Z(CAH)iA
F=ib 1 - BT {gf;j:-*CM 3.3
¥, however, one writes ef, €5, ¢ in the form (3.1} with &I constants of
integration barred, onz has expressions just of the fonm (3.3 ie with
loslg,  Towwe,  Go=¢3h  F=B, A=aiC+1).
C=—~ClHC+ 1} : 34

and this is in harmony with the remark preceding equation (3.3)
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